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I The “unreasonable” success



The 2-body problem I · The “unreasonable” success

Expanding the two-body problem in 𝜈 = 𝑚1𝑚2
(𝑚1+𝑚2)

2  is very accurate, even as 𝜈 → 1
4 .

Dephasing is Δ𝜑 ≈ 1 rad until the last 10 orbits.

[Wardell+ (2023)] 4



The 2-body problem I · The “unreasonable” success

Inspiral: (resummations of the) post-

Newtonian expansion in 𝑣𝑐 .

Ringdown: quasinormal modes - poles 

of (𝛿𝐺𝑎𝑏)
−1 on a BH background.

IMR: Smoothly join the two regimes.

[Buonanno-Cook-Pretorius (2007)] 5



Known limits of perturbation theory I · The “unreasonable” success

Extreme spins

[East & Pretorius (2013)]
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High velocities

[Zhu+ (2026)]

6



Known limits of perturbation theory I · The “unreasonable” success

Extreme spins

[East & Pretorius (2013)]

High velocities

[Zhu+ (2026)]

Black Hole Formation

[Choptuik (1993)]
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II Black Hole Formation
in collaboration with

Josu Aurrekoetxea



Einstein-Klein-Gordon in spherical symmetry II · Black hole formation

Collapse of a massless scalar field Φ in spherical symmetry

𝐺𝑎𝑏 = 8𝜋(∇𝑎Φ∇𝑏Φ − 1
2
𝑔𝑎𝑏∇𝑐Φ∇𝑐Φ),

□𝑔Φ = 0

[Christodoulou (1986), Choptuik (1993)] 8
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Einstein-Klein-Gordon in spherical symmetry II · Black hole formation

Collapse of a massless scalar field Φ in spherical symmetry
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𝑔𝑎𝑏∇𝑐Φ∇𝑐Φ),

□𝑔Φ = 0

Solve numerically with engrenage, for initial data of the form

Φ(𝑡 = 0, 𝑟) = 𝜀𝐴∗ exp(−
(𝑟 − 𝑟0)

2

𝜎2
) cos(𝜔0𝑟)

𝜀 = 1 is the threshold between dispersion and BH formation.

[Christodoulou (1986), Choptuik (1993)] 8



Einstein-Klein-Gordon in spherical symmetry II · Black hole formation

dispersive

collapsing
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What can we expect? II · Black hole formation

In the 𝜀 ≪ 1 regime, perturbation theory should work.

A next-to-leading order calculation would predict:
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A higher harmonic with frequency 3𝜔0 whose amplitude scales as 𝜀3.

A frequency shift, 𝜔0 → 𝜔0 + 𝛿𝜔𝜀2.

Faster decay of the higher harmonic, 𝐴3𝜔0 ∼ 𝒪︁(𝑟−2).
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What can we expect? II · Black hole formation

In the 𝜀 ≪ 1 regime, perturbation theory should work.

A next-to-leading order calculation would predict:

A harmonic with frequency 𝜔0 whose amplitude scales as 𝜀.

A higher harmonic with frequency 3𝜔0 whose amplitude scales as 𝜀3.

A frequency shift, 𝜔0 → 𝜔0 + 𝛿𝜔𝜀2.

Faster decay of the higher harmonic, 𝐴3𝜔0 ∼ 𝒪︁(𝑟−2).

In the 𝜀 > 1 regime, and at late times (after BH formation):

Φ ∼∑𝐴𝑛 exp(−𝑖𝜔𝑛𝑡)
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Evolution of the spectrum II · Black hole formation

Extract 𝑟Φ at some radius 𝑟𝑒𝑥𝑡 .

Fourier transform w.r.t. proper 

time.

In the 𝜀 ≪ 1 regime: quasi-

discrete spectrum.

As 𝜀 → 1, the spectrum flattens.
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Evolution of the spectrum II · Black hole formation

Similar behavior along 𝒥︁ +!

,
11



Higher harmonics don’t reach 𝒥︁ +
II · Black hole formation

Perturbation theory predicts a higher harmonic, with frequency 3𝜔0, that decays as 𝒪︁(𝑟−2).
We can isolate each frequency component and test this: 𝜑𝜔 = ℱ︀ −1[𝑊𝜔ℱ︀ [Φ]].
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When does perturbation theory break? II · Black hole formation

Quantify when the amplitudes deviate from perturbation theory by more than 10%,
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Self-similarity near criticality II · Black hole formation

For 𝜀 ≈ 1, discrete self-similarity emerges, Φ(𝜏 + 3.44) = Φ(𝜏), with 𝜏 ∼ log(𝑇∗ − 𝑇0).
For the Fourier transform:

∫𝑑𝑇0 exp(𝑖𝜔𝑇0)Φ(𝜏) ∼ ∫ 𝑑𝑥 exp(𝑖𝜔𝑥)𝑥
−2𝜋 𝑖

Δ ∼ 𝜔−1−2𝜋
𝑖
Δ .
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III Waves and black holes
in collaboration with

Vitor Cardoso Furkan Tuncer Ulrich Sperhake



How does a BH scatter GWs? III · Schwarzschild scattering

Let 𝑔𝑎𝑏 = 𝑔𝑆𝑐ℎ𝑎𝑏 + 𝜀ℎ𝑎𝑏 exp(−𝑖𝜔𝑡) + … describe a BH and an impinging monochromatic GW 

with frequency 𝜔. What is the outgoing state?

To linear order: a spectrally filtered wave with 𝜔 (Compton)
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How does a BH scatter GWs? III · Schwarzschild scattering

Let 𝑔𝑎𝑏 = 𝑔𝑆𝑐ℎ𝑎𝑏 + 𝜀ℎ𝑎𝑏 exp(−𝑖𝜔𝑡) + … describe a BH and an impinging monochromatic GW 

with frequency 𝜔. What is the outgoing state?

To linear order: a spectrally filtered wave with 𝜔 (Compton)

To second order: a higher harmonic, with frequency 2𝜔.
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Higher harmonic excitation III · Schwarzschild scattering

Second-order perturbations around a 

Schwarzschild BH:

𝑑2𝜓 (2)

𝑑𝑟2∗
+ (4𝜔2 − 𝑉2ℓ)𝜓 (2) = 𝑆(𝜓 (1), 𝜓 (1)).

After regularising the source, asymptotically 

ℎ(2) ∼ 𝑄(𝜔)𝐴2𝑖𝑛 exp(2𝑖𝜔𝑟∗), with

𝑄(𝜔) = 𝐶(ℓ)
∫ 𝑑𝑟∗𝔖(𝜓 (1))𝜓𝑖𝑛

4𝑖𝜔ℛ︀(𝜔)2
.
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Higher harmonic excitation III · Schwarzschild scattering

Resonances at QNM frequencies.

Limits: vanishing as 𝜔𝑀 ≪ 1 

(kinematics), constant? as 𝜔𝑀 ≫ 1
Challenge: Matching from 

scattering amplitudes at 𝑂(𝐺𝑀𝜔)2.
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Take-aways

What we showed

✓ Critical collapse as a set-up to study convergence of 

perturbation theory.

✓ (Linear) perturbation theory is not sufficient.

✓ Non-perturbative effects visible at 𝜀 < 1.

✓ Nonlinear effects in BHs are small at 𝜔 < 𝜔𝑄𝑁𝑀  

(inspiral-driven, unless 𝛾 ≫ 1).

✓ Resonant excitation of higher harmonics when 

driving a BH at QNM frequency (triples?).

Open questions

→ Can resummations of perturbation theory 

explain critical collapse?

→ Scattering amplitudes: 4 + 𝑘-point 

amplitude = (𝑘 + 1)th BHPT?

→ Nonlinear scattering of waves off rapidly 

rotating Kerr BHs?
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ありがとうございます


