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I - The “unreasonable” success

The 2-body problem
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The 2_b0dy prOblem I - The “unreasonable” success
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Known limits of perturbation theory

e Extreme spins
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Known limits of perturbation theory

e Extreme spins e High velocities
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KIlOWIl limitS Of Perturbati()n theOI'y I - The “unreasonable” success

e Extreme spins e High velocities e Black Hole Formation
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II Black Hole Formation

in collaboration with

a Josu Aurrekoetxea



Einstein-Klein-Gordon in spherical symmetry

Collapse of a massless scalar field ® in spherical symmetry
Gy = 87T<Vaq>qu) — %gabch)ch))s
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[Christodoulou (1986), Choptuik (1993)]
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Einstein-Klein-Gordon in spherical symmetry

Collapse of a massless scalar field ® in spherical symmetry
Gy = 87T<Va(1>qu) — %gabch)ch)>,
®=0

Hg

Solve numerically with engrenage, for initial data of the form

2
Ot =0,r) = A, exp(—(r _6;0) )cos(a)or)

[Christodoulou (1986), Choptuik (1993)]
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Einstein-Klein-Gordon in spherical symmetry

Collapse of a massless scalar field ® in spherical symmetry
Gy = 87T<Va(1>qu) — %gabch)ch)>,
®=0

Hg

Solve numerically with engrenage, for initial data of the form

2
Ot =0,r) = A, exp(—(r _6;0) )cos(a)or)

¢ = 11is the threshold between dispersion and BH formation.

[Christodoulou (1986), Choptuik (1993)]

II - Black hole formation



Einstein-Klein-Gordon in spherical symmetry I - Blac hole formation
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Einstein-Klein-Gordon in spherical symmetry I - Blac hole formation
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Einstein-Klein-Gordon in spherical symmetry

II - Black hole formation
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Einstein-Klein-Gordon in spherical symmetry I - Blac hole formation
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Einstein-Klein-Gordon in spherical symmetry

II - Black hole formation
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Einstein-Klein-Gordon in spherical symmetry

II - Black hole formation
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What can we expect?

In the ¢ « 1 regime, perturbation theory should work.
A next-to-leading order calculation would predict:

II - Black hole formation



What can we expect?

In the ¢ « 1 regime, perturbation theory should work.
A next-to-leading order calculation would predict:

o A harmonic with frequency w, whose amplitude scales as «.
o A higher harmonic with frequency 3w, whose amplitude scales as ¢
o A frequency shift, wy — wy + Swe?.

o Faster decay of the higher harmonic, A3, ~ 6(r™2).
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What can we eXPCCt? II - Black hole formation

In the ¢ « 1 regime, perturbation theory should work.
A next-to-leading order calculation would predict:

o A harmonic with frequency w, whose amplitude scales as «.
o A higher harmonic with frequency 3w, whose amplitude scales as &°.
o A frequency shift, wy — wy + Swe?.

o Faster decay of the higher harmonic, A3, ~ 6(r™2).

In the ¢ > 1 regime, and at late times (after BH formation):

b ~ Z A, exp(—iwpt)



Evolution of the spectrum
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II - Black hole formation
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Evolution of the spectrum

Similar behavior along # !
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II - Black hole formation
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Higher hal'mOIliCS dOIl,t reaCh j_l_ II - Black hole formation

Perturbation theory predicts a higher harmonic, with frequency 3wy, that decays as 0 (r2).
We can isolate each frequency component and test this: ¢, = F ' [W,F [®]].
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When does perturbation theory break?

II - Black hole formation

Quantify when the amplitudes deviate from perturbation theory by more than 10%,
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Self_Similarity ncar CritiCality II - Black hole formation

For ¢ = 1, discrete self-similarity emerges, ®(zr + 3.44) = ®(r), with ¢ ~ log(T,, — Tj).
For the Fourier transform:

J dTy exp(iwTy)P(r) ~ J dx exp(ia)x)x_zjti ~ co_l_z”i.
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III Waves and black holes
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HOW dOCS d BH SCattel' GWS? IIT - Schwarzschild scattering

Let gy = gggh + ehgp, exp(—iwt) + ... describe a BH and an impinging monochromatic GW

with frequency w. What is the outgoing state?
To linear order: a spectrally filtered wave with v (Compton)

VR(w) A;,(w)




HOW dOCS d BH Scatter GWS? IIT - Schwarzschild scattering

Let g, = gggh + ehgp, exp(—iwt) + ... describe a BH and an impinging monochromatic GW
with frequency w. What is the outgoing state?

To linear order: a spectrally filtered wave with v (Compton)

To second order: a higher harmonic, with frequency 2w.

Q (w) Ai(w)




Higher harmonic excitation

Second-order perturbations around a
Schwarzschild BH:

2.1(2)
: d‘”z + (400 = Vo )y = S(yD, V).
r.

*

After regularising the source, asymptotically
K@ ~ O(w) Az exp(2iwr, ), with

J dr.&(yD)i
iR (a))2 |

Q(w) = C(1)
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Higher harmonic excitation

o Resonances at QNM frequencies.

© Limits: vanishing as oM « 1
(kinematics), constant? as oM > 1

o Challenge: Matching from
scattering amplitudes at O(GM w)°.
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Take-aways

What we showed

v Critical collapse as a set-up to study convergence of
perturbation theory.

v (Linear) perturbation theory is not sufficient.
v Non-perturbative effects visible at ¢ < 1.

v Nonlinear effects in BHs are small at o < wonum
(inspiral-driven, unless y > 1).

v Resonant excitation of higher harmonics when
driving a BH at QNM frequency (triples?).

Open questions

—  Can resummations of perturbation theory

explain critical collapse?

— Scattering amplitudes: 4 + k-point
amplitude = (k + 1)th BHPT?

—  Nonlinear scattering of waves off rapidly

rotating Kerr BHs?
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